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SUMMARIES 
Shortly before the revolution of 1917, four 
papers written by participants in N. N. Luzin's 
analysis seminar at Moscow University appeared 
in the Comptes Rendus of the Paris Academy of 
Sciences. The publication of these papers-- 
written by A. Ya. Khinchin, D. E. Menshov, 
P. S. Aleksandrov and M. Ya. Suslin--and 
Luzin's monograph, The Integral and Trigono- 
metric Series (1915), marked the emergence of 
Moscow University as a center of research in 
the theory of functions of a real variable. 
This paper describes Luzin's early mathematical 
education at Moscow University and the three 
year period he spent abroad (mainly in Paris) 
where he wrote a series of papers whose 
results form the core of his influential 
and widely praised monograph. Finally, we 
will show how Luzin's ideas formed the basis 
for the early investigations of a series of 
young Moscow mathematicians. 
Hesa,qonro A0 OKTR6pbCKOti pe3OJIK)LWtl 
B mypHane rIapPnKcKoB aKaAeMwi HayK 
"Comptes Rendus" l lOFIB&iJIOCb neTblpe 
CTaTbki y=IiCTHWKOB B CeMHHape H. H. 
Jly3klHa no aHanH3y npk~ MOCKOBCKOM 
yHHBepCHTeTe. ily6JIHKaIWeR 3TMX 
CTaTeB, HanucaHwx A. R. XHHWH~IM, 
a. E. MeHbIUOBhlM, n. c. AJ-IeKCaHApOBMM 
u M. fl. CyCJ-lHHbIM, M  I-IOKBJleHHeM 
MOHOl?pa@iH CaMOr nySkfHa, “MHTerpaJI 
kI TpHl?OHOMeTpUYeCK&i pKJJ” (1915), 
yCTaHOBIiJlOCb MeCTO MOCKOBCKOrO 
YHHBepCHTeTa, KaK 4eHTp HCCJ-ieAOBaHPiK 
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Te0pLiL-i @yHKIJW$i JJei%ZTBHTeJIbHOl?O 
nepeMeHHor0. B aaHHOi? CTaTbe 
ornichwawrcff patiee 06pa30satiwe 
JIysasa no MaTeMannce B MOCKOBCKOM 
yHwBepcwTeTe ki TpexneTHee ero 
npe6usawie 3arpaH5iyeR (rnaBwr.4 
06pa30M B llapsxe), me 0~ Hanwzan 
Pw4 PaGoT, pe3)VIbTaTkl KOTOPbIX 
COCTaBJIRIOT CYTb e??O BJIHRTWIbHOti 
H IrlIlpOKO l-fpOCJ-IaBJIeHHO~ MOHOl?pa@i&i. 
TaKxe AeMOHCTptipyeTCPI, KaK kIAe%i 
nY3EiHa CTaJ’IM OCHOBOti PaHHkIX 
EiCCJ-I~OBaHHfi HeCKOJ-IbKHX MOJ-IO,I&lX 
MOCKOBCKHX MaTeMaTMKOB. 
Juste avant la r&olution de 1917, 
quatre articles, dcrits par des participants 
aux confgrences sur l'analyse de N. Lusin 
a l'Universit6 de Moscou, ont paru dans les 
Comptes rendus de 1'AcadfZmie des Sciences 
de Paris. La publication de ces articles-- 
6crits par A. Khintchine, D. Menchoff, 
P. Alexandroff, et M. Souslin--et la 
monographie de Lusin, 1’InGgrale et les 
series trigonom&riques (1915), ont marqutz 
les debuts de l'llniversitd de Moscou comme 
un centre de recherche de la thdorie des 
fonctions d'une variable rgelle. Cet 
article d&rit la premiere education 
math&uatique de Lusin ZI 1'Universitb de 
Moscou et la p&-iode de trois an&es qu'il 
a pas&e 3 l'&tranger (principalement 2 
Paris) oit il a Ccrit une s&rie des articles 
dont les resultats forment le noyau de 
sa monographie influentielle et beaucoup 
lo&e. Finalement, nous allons montrer 
comment les id&es de Lusin ont form.6 la 
base pour les premieres recherches d'une 
s&ie de jeunes mathsmaticienes de MOSCOU. 
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Moscow University was Russia’s oldest and largest university. 
It was chartered in 1755, but it was not until the second decade 
of this century that it emerged as a center of mathematical 
research. The principal figure, often referred to as the founder 
of the Moscow School of the theory of functions of a real 
variable, was Nicolai Nicolaevich Luzin (1883-1950). Luzin’s 
monograph, The Integral and Trigonometric Series (Moscow, 1915), 
for which he was granted the degree of Doctor of Pure Mathema- 
tics, is generally considered to be the cornerstone of the new 
mathematical school. Unfortunately the monograph has never been 
translated from the Russian. In view of the great role that its 
author was to play in the growth of mathematical research at 
Moscow University, The Integral and Trigonometric Series 
deserves a careful analysis of its contents. This should be 
supplemented with a description of the investigations which grew 
out of it. The monograph is, however, roughly 200 pages long 
(depending upon the edition), and covers a vast and complex 
subject . Its author tried to shed some light on questions which 
to this day have not been fully resolved. It is therefore not 
surprising that this work stimulated so many further investi- 
gations, a number of which have been described in the 113 pages 
of commentaries appended to the 1951 edition. Obviously we can 
not give such a lengthy analysis here, and will therefore 
restrict our discussion to Luzin’s mathematical education at 
Moscow University, his three year stay in Paris and Gattingen 
where he wrote a series of papers whose results were incorporated 
in The Integral and Trigonometric Series, and his role in the 
emergence of the Moscow school of mathematics. 
1. BACKGROUND 
With the notable exception of Lobachevskii (1792-1856), the 
history of Russian mathematics before this century is mainly the 
history of mathematical research at the National Academy of 
Sciences in Petersburg. Moreover, until the time of Chebyshev 
(1821-1894)--who was active at the University of Petersburg as 
well as the Academy of Sciences from 1848 to 1882, after which 
he remained at the Academy until his death in 1894--the 
Petersburg school could not properly be called a Russian school: 
not one of the initial members of the Academy of Sciences (which 
first met in 1725) was Russian, and not until Chebyshev’s time 
did the number of Russian academicians exceed the number of 
foreign members [I]. 
Under Chebyshev, a strong analytic tradition flourished. 
Its achievements were recognized abroad, where Russian mathema- 
tics was synonymous with Petersburg mathematics. Al though 
Chebyshev’s mathematics ranged over many fields--number theory, 
probability, the integration of algebraic functions, “best 
approximation’f of functions, ballistics and other applied 
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problems--he and many of his followers were often critical of 
new ideas and methods. For example, mathematicians in Petersburg 
during Chebyshev's time did not accept Dirichlet's definition of 
a function--it was too general, they argued, to be useful in 
analysis [For Dirichlet, y is a function of x if, to each x 
in a given interval, there corresponds a (unique) value of y]. 
Indeed, for classical analysis the "interesting" functions, ie., 
those worth investigating, arose either directly from problems 
in physics, mechanics and geometry, or in a less direct way 
through differential equations, series representations etc. 
Moreover, Dirichlet's definition of a function permitted the 
"construction" or "definition" of the so-called pathological 
functions--such as everywhere discontinuous functions or 
continuous but nowhere differentiable functions [Gelbaum and 
Olmstead 1964, 22 and 38]--which were viewed with some distaste, 
if not outright hostility, by Chebyshev and many of his 
colleagues and students. (These views were not limited to 
Petersburg mathematicians. See Saks [1964], p. VII of the 
preface). During Chebyshev's lifetime and for some time there- 
after, contemporary investigations in algebra such as group 
theory, quaternions, hypercomplex numbers, and vector analysis, 
were largely ignored by Petersburg mathematicians, although some 
more classical investigations were carried out. For example, 
E. I. Zolotarev, a student of Chebyshev, developed a theory of 
divisibility for algebraic numbers independently of Dedekind 
[Bogolybov 1968, 24; Kaluzhnin and Kurosh 1968, 276; Yushkevich 
1968, 371-3721. Another of Chebyshev's students, A. N. Korkin, 
did not believe that Lie's theories had any significance in the 
integration of differential equations [Stepanov 1947, 481. It 
is likely that this reflected a general scepticism about the 
application of group theory to analysis. Stepanov and 
Yushkevich [1968, 327-3291 have cited additional examples of 
the mathematical conservatism in Petersburg: "...Chebyshev and 
some of his students avoided, as much as possible, functions of 
a complex variable." In particular, Korkin and Zolotarev were 
critical of the application of Riemann's methods to the theory 
of numbers, which had been a significant area of research in 
Petersburg since Euler's time. Although Euler did not hesitate 
to use complex functions in the solutions of "real" problems 
(for example, in the solution of the potential equation), "many 
mathematicians [until the final quarter of the nineteenth 
century] resisted the use of complex functions because they were 
not reconciled to complex numbers" [Kline 1972, 6871. Some 
mathematicians have held the less extreme view: namely, that 
complex function theoretical proofs of "real" theorems are less 
desirable than demonstrations which do not resort to complex 
functions. 
In contrast with the situation in Petersburg, the other 
Russian universities (at Moscow, Kiev, Kharkov and Odessa) could 
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not, in the closing years of the nineteenth century boast of a 
Chebyshev. Their activities were scarcely regarded outside 
Russia. (Lobachevskii's work in Non-Euclidean Geometry is the 
obvious exception; his work in analysis, which is in volume 5 
of Polnoe Sobranie Sochinenii [Complete Collected Works] is 
virtually unknown in the west. See also vol. II [1949] of 
Istoriko-Matematicheskie Issledovaniya.) But perhaps it was the 
absence of both strong mathematical traditions and any figure 
of such great stature and authority as Chebyshev that account 
for the greater receptivity to the new ideas in mathematics 
outside of Petersburg. These ideas quickly entered their 
university curricula and became the subjects for dissertations 
[Yushkevich 1968, 327-3311. 
2. MOSCOW UNIVERSITY 
Throughout the nineteenth century, Moscow mathematicians 
carried out a variety of investigations: differential equations 
(with applications to mechanics and geometry), classical 
differential geometry, projective geometry, number theory, and 
by the turn of the century, theoretical mechanics, the appli- 
cations of complex variables to mechanics and to aero-and 
hydrodynamics, and of variational methods to differential 
equations. Soviet historians and mathematicians are in complete 
agreement that, with rare exceptions, this work was not of such 
consistently high quality as at Petersburg. However, some of 
these investigations do not deserve to be ignored. The fact 
that mathematical work done in Moscow has remained virtually 
unknown outside of Russia until this century is due largely to 
the decision made in the 1860's that only papers in Russian 
would be published in the Matematicheskii Sbornik, the journal 
of the Mathematical Society of Moscow. The major scientific 
journals published in Petersburg were, in contrast, multilingual. 
It is beyond the scope of this paper to describe these 
nineteenth century investigations. (There is a very good survey 
in part 4 of Yushkevich's History of Mathematics in Russia. A 
less satisfactory one can be found in English in chapter 11 of 
Vuchinich [1970].) But one area of mathematical research at 
Moscow University must be singled out. Soviet writers have 
repeatedly emphasized that there is a strong intuitive, geometric 
quality in Luzin's work, as well as some of his followers. 
They have linked this to a strong geometric tradition which 
flourished at Moscow University in the last third of the 
nineteenth century. Moreover, two prominent geometers, B. K. 
Mlodzeyevskii (1858-1927) and D. F. Egorov (1869-1931) share the 
credit for introducing the ideas of the theory of functions and 
sets at the university. The latter was to be Luzin's mentor 
and strong supporter. 
280 Esther R. Phillips HM5 
Following several trips abroad (to France and Germany), 
Mlodzeyevskii, in the academic year 1900-1901, gave the first 
course in the theory of functions of a real variable at Moscow 
University. For the first time the words "set", the "power" 
(cardinality) of a set, "countable" sets, etc. were used in the 
university lectures [Bari and Golubev 1959, 469-4701. 
Mlodzeyevskii's younger colleague Egorov attended these 
lectures, as did a first year student, Nicolai N. Luzin. P. I. 
Kuznetsov [1971] writes that the "organization of mathematical 
teaching at the University of Moscow at the end of the nineteenth 
century lagged somewhat behind the level of the science at that 
time. Mlodzeyevskii and Egorov introduced a fresh current into 
teaching." In P. S. Aleksandrov's words, they "waged a war 
against tradition" [Aleksandrov 1955, 12-141. 
In the summer of 1902, Egorov began a year's stay abroad 
by spending several months in Berlin where he attended lectures 
given by Schwarz, Frobenius and Hensel. During the fall and 
winter, he remained in Paris, where he heard Poincare, Goursat, 
Hadamard and Lebesgue. Before resuming his teaching duties in 
MOSCOW, he spent some time in Gottingen attending lectures 
given by Minkowski, Hilbert and Klein [Stepanov 1947, 48;49]. 
From this time, Egorov's interest in the theory of functions 
increased, and in 1910 he organized an analysis seminar at 
Moscow University. Aleksandrov writes that this was the first 
scientific seminar at the university, and as such, a significant 
event in the history of mathematics at this institution. Far 
more than the lecture halls, these seminars became the training 
ground for future scientists [Aleksandrov 1955, 131. Later 
under Luzin's direction, the analysis seminar would be the 
heart of the new school of the theory of functions. During the 
1920's it generated an impressive number of more specialized 
seminars, in which many well known Soviet mathematicians 
participated. (See sections 6 and 7 below). The topologist 
P. S. Aleksandrov, a member of the 1914 seminar (whose topic 
was infinite sequences), writes: 
. . . participants of this seminar received their first 
contact with present day, living mathematics--an 
impression that can never be eradicated. They first 
became acquainted with the elementary properties of 
number sequences and series, and then moved on to 
various cases of convergence of sequences of functions, 
finally getting to know what at that time were vital 
and exciting achievements in mathematics, such as 
convergence in the mean, convergence in measure and 
the theorem of Fischer and Riesz, etc. The seminar 
of D. F. Egorov broke into groups according to theme, 
and the results of the collective work of each group 
on its theme were reported by one member at a 
general meeting of the seminar. [Aleksandrov 1955, 131 
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Continuing, Aleksandrov describes how this seminar evolved into 
one which was attended not only by undergraduates, but by 
graduate students and privat-dozents. 
Although Egorov never considered analysis to be his primary 
speciality, he is perhaps best known (in the west) for his 
theorem on the almost everywhere convergence of sequences of 
measurable functions: If a sequence of measurable functions 
converges almost everywhere (i.e., except on a null set) on a 
bounded interval I, then there is a set S having arbitrarily 
small measure such that the sequence converges uniformly on 
I - s. The publication in 1911 of this theorem (in Comptes 
Rendus), which can be found in virtually every text in real 
analysis, is commonly taken as the birth date of the Moscow 
School. 
During the two decades which preceded the 1914 seminar, many 
of the major works in set theory were translated into Russian. 
Dedekind's Continuity and Irrational Numbers appeared in 1894. 
Supplementary material on the existence of transcendental 
numbers was added by the translator in 1906. Bolzano's Paradoxes 
of Infinity was published in 1911, and in 1914 a translation of 
Cantor's Grundlagen einer allgemeiner Mannigfaltigkeitslehre 
[1883] appeared. 
At Moscow University, two Master's dissertations in set 
theory were defended during the academic year 1907-1908--The 
Structure and Measure of Linear Point Sets by V. L. Nekrasov 
(1864-1922) and Transfinite Numbers by I. I. Zhegalkin (1869- 
1947). Earlier Zhegalkin had taught a first year mathematics 
course for non-specialists in which Dedekind cuts were introduced 
The year before he defended his dissertation, he read the first 
course in abstract set theory at Moscow University [Yushkevich 
1968, 562-5631. 
3. NICOLAI NICOLAEVICH LUZIN: THE EARLY YEARS 
Nicolai Nicolaevich Luzin was born in Irkutsk in 1883 [2]. 
His father, a small businessman, moved the family to Tomsk 
(1893-1895) so that their son might enter a gymnasium. Luzin 
recalls that he was not especially fond of mathematics during 
his gymnasium days. The excessive formalism and memorization 
required repelled him, and he much preferred reading Jules 
Verne, the writings of various naturalists and pure philosophy. 
During Luzin's last year at the gymnasium, his father decided 
to employ a mathematics tutor. Fortunately, a sensitive and 
intelligent young man was found who quickly discovered that 
although his pupil did not readily commit material to memory, 
he was able to solve complicated problems, sometimes by unusual 
and original methods [Bari and Golubev 1959, 468-469; 
Kuznetsov 1974, 195; Lavrentev 1974, 173-1741. After leaving 
the gymnasium, Luzin entered the mathematics division of the 
Moscow University faculty of physics and mathematics in order to 
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secure the necessary foundation for his proposed studies in 
engineering. He planned to register for a physics laboratory 
during his first semester, but overcrowding prevented this. 
Apparently he did not try to enroll in this course in subsequent 
semesters, nor did he ever complete any part of the engineering 
program. 
Instead, Luzin found himself in Mlodzeyevskii’s theory of 
functions course (Section 1). He recalls that within a half 
year of his arrival at the university, he had become thoroughly 
“bewitched” by mathematics. For the first time, he saw a 
completely new side of it--it was not just a formal system of 
putting together truths and solving countless problems whose 
solutions were long known (as he had believed in his gymnasium 
days), but a “boundless field of living creativity.” To lead 
a scholarly, creative life was to be like Columbus looking for 
new lands--at each moment there was the possibility of making a 
great discovery. To Luzin, mathematics was not a “completed 
science”, but one which was in the process of being created and 
full of “tempting secrets” [Quoted by Bari and Golubev 1959, 
468-4691. As an undergraduate, Luzin read and studied mathema- 
tical papers which interested him, often supplementing missing 
or incomplete proofs. His originality attracted the attention 
of Egorov, who encouraged him to remain at the university after 
his graduation to prepare for an academic career. At this time, 
Luzin was an active member of the student mathematical circle, 
whose meetings were often attended by professors Egorov and 
Mlodzeyevskii and privat-dozent Zhegalkin (Section 1). Questions 
related to the foundations of mathematics, the theory of sets 
and the arithmetization of analysis were the frequent subjects 
of discussion and the reports presented at these meetings. 
In the course of the upheavals of the 1905 revolution in 
Moscow, the university was closed and Egorov advised his young 
student to go abroad so that his studies would not be interrupted 
Accompanied by his good friend V. V. Golubev, who could speak 
both French and German, Luzin left Moscow for Paris on December 
1, 1905. He remained in Paris until the end of the spring 
semester, spending the greater part of his time studying the 
mathematical literature at the libraries of the Sorbonne and 
elsewhere. He attended PoincarB’s lectures on series expansions 
of perturbed functions of celestial mechanics (which he praised 
highly), lectures of Bore1 on entire functions, Hadamard on wave 
expansions, and Darboux on the theory of surfaces [Bari and 
Golubev 1959, 471-4721. 
After returning to Moscow, he began to study for the state 
examinations which he passed at the end of 1906. Upon Egorov’s 
recommendation, he was formally established at the university to 
prepare for his future professorial activities. Two years passed 
during which Luzin neither completed his preparations for the 
master’s examination nor published a single paper. Apparently 
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he remained uncertain about his future as a mathematician; for 
a brief period he attended some medical lectures, intending to 
enroll in the faculty of medicine. He abandoned these plans 
because “the work in the anatomical theatre proved beyond his 
powers. ” Following this, he attended philosophy lectures, but 
within a year he concluded that this activity did not provide 
ample opportunity for creativity [Bari and Golubev 1959, 4721. 
Throughout these years of uncertainty and indecision, Egorov 
maintained his unwavering support, obtaining an extension for 
his student when two years had passed without many signs of 
progress. At the end of another two years, he convinced the 
faculty to grant an additional two-year extension, arguing that 
Luzin was “working zealously and successfully in his chosen 
field and deserves encouragement.” 
Having finally abandoned his medical and philosophical 
studies in 1909, Luzin was ready to give his complete attention 
to mathematics. Even during this period of indecision, he had 
never stopped reading and studying mathematics. In fact, he 
continued to study and master a wide variety of works in diverse 
fields. Towards the end of 1909 he took part of the master’s 
examination, completing it in the following year. Following 
this, he read two trial lectures to qualify as a privat-dozent, 
after which he expected to begin his teaching duties at the 
university. He had requested to teach the course in the theory 
of functions of a real variable, but it had already been promised 
to his university friend S. S. Byushgens, who later became a 
well known geometer. 
Luzin did not have to accept a less attractive teaching 
assignment, for once again Egorov intervened by requesting and 
obtaining a travel and research grant for his student. Through 
Egorov’s persistence the original modest stipend was increased 
and a two year grant extended to three. “I expect a great deal”, 
wrote Egorov, who reportedly drew up detailed instructions for 
Luzin’ s journey . These included lectures that had to be 
attended and scholars he should meet [Kuznetsov 1971, 155-156; 
Bari and Golubev 1959, 4721. It is impossible to exaggerate 
the importance of these years spent abroad. They determined 
the course of Luzin’s research for many years to come, as well 
as his general philosophy of mathematics. 
4. GijTTINGEN AND PARIS: 1910-1914 
In 1910 Luzin left Moscow for Gottingen. A short description 
quoted from his autobiography (which was apparently written in 
the third person) reveals that he attended few lectures, 
“devoting himself mainly to independent investigations in the 
theory of trigonometric series, absorbing many of the mysterious 
facts of this theory; the extremely rich facilities of the 
Gijttingen library provided an inexhaustible possibility of easily 
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studying all these questions” [Bari and Golubev 1959, 4731. It 
is likely that at this time he studied Riemann’s “Ueber die 
Darstellbarkeit einer Funktion durch eine trigonometrische 
Reihe”, which provided the main theme and purpose for Luzin’s 
monograph of 1915, The Integral and Trigonometric Series. (This 
will be discussed further in section 5). 
In Gtittingen, Luzin wrote his first paper, “iiber eine 
Potenzreihe” [Luzin 19111, in which he constructed a power series 
of a complex variable having coefficients that tend to zero as 
n tends to infinity, but which diverges everywhere on the unit 
circle. From this he easily demonstrated the existence of a 
(real) trigonometric series whose coefficients tend to zero but 
which diverges almost everywhere. As he later observed in 
The Integral and Trigonometric Series, this was a rather 
unexpected result. Indeed, Fatou had conjectured that such a 
series would converge almost everywhere [Luzin 1957, 153-1551. 
Apparently Luzin was still not confident of his abilities, for 
the paper was published “only at the insistence of Professor 
Landau” [Bari and Golubev 1959, 4731. 
In 1912, Luzin left Gbttingen for Paris, where he remained 
until 1914. During this period he published a number of papers, 
some in the Comptes Rendus of the Paris Academy of Sciences 
(see references). With a single exception [Luzin 1914a], the 
contents of these papers were later incorporated in The Integral 
and Trigonometric Series. 
In Paris, Luzin became acquainted with the leading mathema- 
ticians who were working on problems in the theory of functions: 
Lebesgue, Borel, Denjoy and Picard. He participated actively 
in Hadamard’s seminar, heard M. B&her’s lectures on second 
order differential equations, Picard’s course in the theory of 
analytic functions, Bore1 on generalizations of the idea of 
analytic functions, and several lectures given by Darboux on 
the theory of surfaces. Luzin writes in the official report 
describing his trip abroad [Luzin 1914b], that he found Picard’s 
lectures on analytic functions the most interesting of those he 
attended. And in fact Luzin subsequently published several 
papers in the theory of functions of a complex variable, two of 
them with I. I. Privalov (Volume III of Sobranie Sochinenii 
[Collected Works] ) . But by 1930, having recently completed 
Lecons sur les ensembles analytiques et leurs applications, he 
had changed his mind [Bari and Golubev 1959, 473-4741. In 
retrospect, Borel’s lectures--which contained a generalization 
of the idea of an analytic function--seemed the most interesting. 
For after completing The Integral and Trigonometric Series, 
Luzin became increasingly occupied with the foundations of 
analysis, with such questions as when is a function or set 
defined? Even in the earlier monograph, Luzin repeatedly 
stressed the limitations of the definitions and methods of 
classical analysis. 
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5. THE INTEGRAL AND TRIGONOMETRIC SERIES 
Following his return to Moscow in May of 1914, Luzin took 
up his teaching duties and prepared his dissertation for 
publication. The Integral and Trigonometric Series [ITS] is 
widely regarded by Soviet mathematicians and historians of 
mathematics as a classic of their mathematical literature. 
Earlier we mentioned that neither ITS nor the commentaries 
appended to the 1951 edition have been translated from the 
Russian. Moreover, the dissertation does not lend itself to a 
brief summary: it was originally intended to serve as a master's 
thesis, and as such contains a survey of related results which 
had been obtained since 1900 by others as well as himself. 
Generally, a master's dissertation was not expected to contain 
much in the way of new or original work. Some dissertations 
when published in monograph form served to acquaint Russian 
scholars and students with recent research that was not yet 
readily available in Russian language texts. Others organized 
more or less familiar material in a new way. In contrast to 
these, Luzin's dissertation contained many original and signifi- 
cant results. He regarded these as a series of first steps 
directed towards the solution of the dual problems of the 
integral and trigonometric series. 
In the report on his scientific activities abroad [Luzin 
1914b, 58-591, Luzin wrote that his research was directed towards 
studying "in the most general sense, the convergence of the 
trigonometric series o. 
f(x) 'L a /2 + 7 0 n=l 
ancos nx + bnsinnx , 
and the properties of the functions f(x) represented by it." 
That is, can the class of functions which are "limits" (in some 
generalized sense) of trigonometric series be characterized by 
a set of structural properties? This admittedly difficult 
problem, he continued, is made somewhat easier if the trigonometric 
series to be considered is a Fourier series. And since the 
coefficients of a Fourier series are represented by integral 
formulas, " . ..it is natural to want to find the most general 
concept of the integral with which to widen, as far as possible, 
the class of Fourier series." This characterization of the 
conceptual framework of his early work [1910-19141 explains the 
title of the monograph he would write after returning to Moscow. 
One is reminded here of Riemann's "Ueber die Darstellbarkeit 
einer Funktion durch eine trigonometrische Reihe", although 
Luzin did not explicitly refer to this work until the final 
sections of ITS. Both authors sought to characterize the class 
of functions which can be represented by trigonometric series. 
Riemann made the distinction between Fourier series and general 
trigonometric series, realizing that the former are more 
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amenable to study since their coefficients are given by 
integral formulas. We have seen that Luzin made similar 
remarks, and like Riemann he sought the widest possible class 
of integrable functions. For Riemann this meant characterizing 
the class of functions for which the Cauchy sums converged. 
Luzin, more than a half century later, tried to find the 
appropriate extension of Lebesgue's and Denjoy's [restricted] 
integrals which would lead to the widest possible class of 
functions representable by trigonometric series. (In 1916, 
Luzin's student Khinchin would find this extension. See section 
71. Both papers contain an outline of the history of the 
problem and assert that further progress depends upon new 
techniques and definitions. Riemann, for example, knew that the 
summation methods of Dirichlet had to be extended. Luzin in his 
turn generalized Riemann's use of the Schwarz derivative [Luzin 
1957, 199-2081 to demonstrate a convergence theorem. Despite 
the similarities of intention of these papers, it is interesting 
to note that in the introduction to ITS, Luzin invoked a 
contemporary author: he promised to carry out [in ITS] an 
investigation similar to Baire's, in which the latter found the 
necessary and sufficient conditions for a function to be the 
sum of an almost everywhere convergent series of polynomials. 
Luzin was above all concerned with bringing to the attention of 
Russian mathematicians the new ideas and methods of the theory 
of functions, and to hasten their acceptance. But in that same 
introduction he emphasized the historical continuity of mathe- 
matics by asserting that the new theory of functions was not to 
be viewed as a repudiation of classical analysis, but rather as 
its natural extension. By applying the powerful methods of the 
new theory of functions to the classical problem of representation 
by trigonometric series, Luzin hoped to extend the classical re- 
sults in ways that could not have been imagined in Riemann's time. 
By his own admission, ITS did not succeed in resolving 
either the problem of representation by trigonometric series or 
the related problem of the integral. But neither was Riemann 
successful in his search for the necessary and sufficient 
conditions of representability. Both papers raised more questions 
than they were able to answer. While ITS contains many new 
and significant results [3], the role it was to play in stimu- 
lating Luzin and so many of his students and colleagues to 
future investigations may be of even greater significance. 
Luzin's monograph won Moscow University's most prestigious 
award for mathematical writing in 1916, and the dissertation's 
referees, D. F. Egorov and L. K. Lakhtin, made the rare 
recommendation that Luzin be directly awarded a doctoral degree. 
The recommendation was accepted in 1916, and in the following 
year he was appointed professor in the faculty of pure mathematics 
[Yushkevich 1968, 5361. There had been no precedent for omitting 
the master's degree for at least 60 years. 
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Egorov in assessing ITS praises it as “an extremely valuable 
scientific investigation, rich in results, very interesting 
in both intention and execution.” This “brilliantly realized 
work”, he adds, also contains some valuable commentaries on 
works by other mathematicians, including improvements in proof 
and presentation. There is such an abundance of material, 
Egorov says, that not all of it is directly brought to bear on 
the central problem. In fact, he notes that many of Luzin’s 
partial results and conjectures have already stimulated such 
scholars as Fatou, Sierpinskii and Steinhaus, as well as some 
younger Moscow mathematicians (section 7) to carry out further 
investigations [Egorov 1955, 1051. 
Egorov’s review cites a single defect: in many places, “the 
work is distinguished by an unnecessary conciseness of 
presentation, and therefore may present difficulty for the 
reader.” And indeed it is the case that adequate descriptions 
and even constructions of examples and counterexamples are often 
omitted--sometimes no references are given. Proofs are 
occasionally too short, and unfamiliar (at that time) results 
are frequently stated without reference. In short, the style 
of presentation was quite antithetical to Egorov’s, whose 
lectures were described by Aleksandrov as carefully prepared, 
down to the smallest detail--every word and symbol written out 
beforehand; Egorov’s lectures were “matchless examples of mathe- 
matical rigor”, although somewhat dry and restrained, 
occasionally overwhelming the listener. This did not prevent 
Egorov from appreciating the originality and brilliance of 
Luzin’s presentation. Compensating for any flaws, he remarks, 
were the many illuminating observations and commentaries 
accompanying the enormously complicated calculations, thereby 
providing the reader with a greater understanding of what lay 
behind the “mysterious manipulations”. In fact, he concludes, 
Luzin’s flaw of conciseness, “paradoxically as it may sound, 
was a consequence of the merits of the work: the author tried 
to go beyond the usual bounds, in dimension, for his work, and 
due to the abundance of material which he gives, it is sometimes 
too concise.” The contents of ITS were so rich and varied that 
Egorov believed they could well have provided enough material 
for two monographs [Egorov 1955, 1101. 
In view of Egorov’s consistently high opinion of Luzin’s 
abilities, and of his unstinting support for his student over 
the course of nearly 10 years, one might question the objectiv 
of his review of ITS. However, some of his fomer students 
have described Egorov as meticulous in his own work and 
demanding of his students--“strict but fair”, said Aleksandrov 
[Kuznetsov 1971, 151-1521. Yushkevich recalls that sometimes 
Egorov would examine a student 5 or 6 times before he was 
satisfied [Yushkevich 1976, 1001. 
Not everyone, however, found great virtue in this defect: 
-tY 
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from Petersburg there came less favorable reactions. They have 
been described by M. A. Lavrentev: "This style was not in the 
classical tradition, and the Leningrad (then Petersburg) school 
did not consider it a great contribution to science. Academician 
V. A. Steklov, when he read it, wrote many ironical comments 
in the margins, such as, 'it seems to him, but it doesn't 
seem to me' and 'Gbttingen chatter"' [Lavrentev 1974, 1741. 
Yushkevich has also written of the initial disapproval on 
the part of Petersburg mathematicians toward the Moscow 
enthusiasm for ideas which seemed, to the classical analysts, 
too "general and abstract, . . . devoid of direct connection with 
the other sciences". Luzin was fully aware of this hostility, 
and took great pains in his introduction to ITS to emphasize 
that the new theory of functions was an extension of the classica 
theory, and that any failure to reveal the relationship between 
the old and new methods would "close off" the latter from a 
rich tradition, thereby diminishing its influence [Luzin 1957, 
481. Not until the early 1920's would the theory of functions, 
including Luzin's work, become generally accepted by the leading 
Petersburg mathematicians [Yushkevich 1968, 577; Bogolyubov 
1968, 15-18, 22; Bari and Golubev 1959, 4781. 
6. LUZIN AS A TEACHER. THE ANALYSIS SEMINAR 
In the fall of 1914 Luzin took up his teaching duties as a 
privat-dozent at Moscow University. Although he taught a course 
in analytic geometry and higher geometry, Luzin's major efforts 
were concentrated in his lectures on the theory of functions of 
a real variable and the analysis seminar which he (and for a 
time, Egorov) conducted for more than a decade. He was an 
extraordinary teacher and a constant source of fruitful ideas 
for his students and younger colleagues. Within two years of 
his return from Paris, Moscow University had become a vital and 
rapidly developing center of mathematical research in the theory 
of functions, and despite the disruption of the civil war, the 
reputation of mathematicians in Moscow was secured by the mid 
1920's. Luzin's seminar was at the center of this activity (as 
were his lectures, but to a lesser degree, on the theory of 
functions). He was the principal creative force, and for about 
a decade, as we shall see, largely determined the course of many 
mathematical investigations at Moscow University. 
The admiration and respect of his former students are ref- 
lected in their numerous reminiscences of the seminar and in 
their descriptions of his extraordinary lectures. P. S. 
Aleksandrov, one of the earliest members of the seminar and a 
pioneer of modern topology, has written as follows: 
In this activity [teaching] his creative individuality 
was manifested . . . The richness of N. N. Luzin's 
creative ideas was so great that almost every meeting 
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with him was, for his students, a source of new 
problems and unexpected ideas. N. N. Luzin's 
lectures, devoid of outward brilliance and 
oratorical devices, siezed his audiences with 
creative intensity. Luzin possessed the extraordinary 
art of presenting a mathematical result so that the 
listener was forced to participate in the process 
of obtaining it, thus transforming the lecture 
into a kind of self made laboratory of thought. 
[Aleksandrov 1955, 191 
In all his years of listening to mathematical lectures, 
Aleksandrov adds, there has been no one who could be compared 
with Luzin in his ability to stimulate an audience. Outside the 
lecture hall Luzin was always available to his students and the 
door to his office was kept open. Between classes, animated 
conversations continued in the corridors and in his office: 
“Here, to an even greater degree than in the lectures, new mathe- 
matical problems were posed and the conversation was carried 
on in such a way that the student went away believing that it 
was within his power to solve the problem” [Aleksandrov 1955, 
201. And in many cases, that is exactly what happened. 
Nina K. Bari, one of the first women to study mathematics 
at Moscow University, together with Luzin’s friend, V. V. Golubev 
(who had accompanied him to Paris in 1905) have written that 
what distinguished Luzinls lectures was the sense that one was 
witnessing a “process of creation”. Results were not presented 
only in their final, polished form, as they appear in texts, 
but "in statu nascendi". It was the main purpose of a lecturer 
(according to Luzin) to carry his audience through the “pangs 
of creativity”. The conventional lecture usually serves the 
same purpose as a text by presenting the completed, perfected 
version. But the fact is that at any stage “completeness” is 
complicated by a “countless number of quests, errors, the 
results of disputes, and the collision of ideas.” The student 
should not be deprived of experiencing either the bitter taste 
of error and disappointment, or of knowing the pure joy of 
discovering scientific truth” [Bari and Golubev 1959, 4751. 
In his pedagogical methods, wrote V. V. Stepanov, also a 
former seminar participant, Luzin “brought about a real revolu- 
tion” [Stepanov 1947, 491 . The historian A. P. Yushkevich 
attended the lectures: “Those who heard him never forgot the 
remarkable enthusiasm which they experienced at his lectures. 
It seemed as if he were creating the theory anew before the eyes 
of the audience--as indeed was the case in the special course 
in the theory of functions where he told of newly obtained, 
even incomplete or still unsettled developments” [Yushkevich 
1968, 5721. “For us, every one of his lectures represented the 
search for and the discovery of truth by an inspired, creative 
process. Now a thoughtful pause, now a reflection aloud, now a 
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direct proposal that the audience join him in resolving whatever 
difficulties they might meet--Luzin riveted the attention of his 
audience, making them active participants in solving the problem 
under consideration” [Yushkevich 1976, 1011. 
Perhaps the most conclusive demonstration of his pedagogical 
abilities is found in the early successes of his “first 
generation” students. Within two years of Luzin’s return to 
Moscow) four young participants in the analysis seminar wrote 
papers which were published in the Comptes Rendus of the Paris 
Academy of Sciences. Three of the four would become prominent 
Moscow University mathematicians (P. S. Aleksandrov, A. Ya. 
Khinchin, D. E. Menshov), each directing a seminar in the 1920’s. 
The fourth, M. Ya. Suslin, died of typhus in 1919 after the 
publication of this single significant paper [Souslin 19171. 
Khinchin and Menshov both worked on problems in the metric 
theory of functions (Soviet writers use this term to denote the 
area of the general theory of functions in which the concepts of 
measure and the integral are central. Investigations of the 
structural properties of sets and functions which are not 
related to measure belong to the descriptive theory of sets 
and functions). Each published an important paper directly 
related to questions raised by Luzin in ITS--Khinchin extended 
the integral, while Menshov refuted a seemingly plausible and 
critical conjecture which had been made by Luzin. 
A. Ya. Khinchin’s paper, “Sur une extension de 1 ‘integrale 
de M. Denjoy” was the first of the four to appear [February 21, 
19161. Here, for the first time, the idea of the asymptotic 
(or approximate) derivative was introduced [4]. This widening 
of the concept of the derivative permitted the further extension 
of the (restricted Denjoy) integral to a wider class of functions 
having discontinuous primitives. An equivalant extension made 
by A. Denjoy appeared in the same journal on April 1, 1916. 
Accompanying Khinchin’s paper is a footnote written by Hadamard 
(through whom the four papers were communicated) which asserts 
that the priority belongs to Khinchin, although the discoveries 
were clearly independent. 
In “Sur 1 ‘unicite du developpement trigonometrique” [October 
23, 19161, D. E. Menshov demonstrated the totally unexpected 
existence of a trigonometric series (having non-zero coefficients) 
which converged to zero except at the points of a set having 
measure zero. According to A. Zygmund, this discovery “may be 
considered a starting point of the modern theory of trigonometric 
series” [Zygmund 1975, 5911. Menshov was to carry out signifi- 
cant investigations in this area throughout the remainder of 
his long mathematical career. Further discussion of the still 
unsettled question of characterizing the so-called sets of 
uniqueness (for trigonometric series) can be found in Zygmund 
[1952] and chapter XIV of Bari [1964]. Menshov’s later work is dis- 
cussed in Aleksandrov, Belyayev, Kolmogorov, and Ulyanov [1962, 1972 
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Aleksandrov and Suslin, as participants in the seminar, 
were given problems in the descriptive theory of sets. This 
reflected Luzin’s increasing preoccupation with such questions 
after his return from Paris in 1914. It had been widely 
believed that for analysis, the null sets-lthose having 
Lebesgue measure equal to zero--were generally negligible. 
Menshov’s paper had demonstrated that for the convergence of 
trigonometric series at least, not all null sets could be 
neglected. It therefore became very likely that structural 
(as opposed to metric) properties of sets--such as power and 
category--would play a larger role in analysis than had formerly 
been expected. [A metric space is of Category 1, or thin, if 
it is the countable union of nowhere dense subsets. Otherwise, 
it is said to be thick, or of Category II. Every complete 
metric space, for example, is thick]. 
At the same time, it had become increasingly clear that the 
foundations of set theory itself were none too firm: “...the 
difficulties of set theory connected with the continuum 
hypothesis and the axiom of choice (Zermelo) had already been 
delineated” [Keldysh 1974, 1791. Luzin had made a careful study 
of “Les polGmiques sur le transfini et sur une dgmonstration 
de M. Zermelo”, which included the famous “Cinq lettres” of 1905 
exchanged by Hadamard, Baire, Lebesgue and Bore1 [Bore1 1914, 
135-1811. He and his students began an intensive study of the 
theory of effective sets (ie., sets which can be constructed 
without the axiom of choice), a field which Luzin named the 
“descriptive theory of sets”. [More recent writers have used 
this term in a broader way. See section 71. 
Lydia Keldysh and P. S. Novikov, students of Luzin in the 
1920’s, describe “the first period of development of descriptive 
set theory (1914-1925) [as] one of the accumulation of facts” 
[Keldysh and Novikov 1953, 941. The question of the power of 
Bore1 sets (which are examples of effective sets) seemed a 
natural starting point; these sets, obtained by countably many 
unions and intersections of intervals, and the operation of 
complementation, occupied a central problem in analysis [S]. 
In his first published paper, “Sur la puissance des ensembles 
mesurables” [February 28, 19161, P. S. Aleksandrov, then a 
nineteen year old seminar student, gave an affirmative answer 
to Luzin’s question--Does an uncountable Bore1 set have the 
power of the continuum? In his paper, the A-operation (a 
generalization of the operations which lead to Bore1 sets) was 
introduced for the first time. (The A-operation is defined in 
Natanson [1960, vol. II, 2491. It is thoroughly discussed in 
Luzin [1972]). A single application of the A-operation to interva 
will yield any Bore1 set. Aleksandrov was able to use this 
operation to prove that every uncountable Bore1 set contains a 
perfect subset, and therefore has the power of the continuum. 
1s 
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It was then quite natural to ask the converse question--and 
Luzin, “with great persistence posed it to P. S. Aleksandrov and 
M. Ya. Suslin”. Is every set obtainable from closed sets by 
means of the A-operation necessarily a Bore1 set? “Luzin 
correctly saw this as a central problem of descriptive set theory 
at that time” [Aleksandrov 1955, 201. Suslin solved the problem 
by constructing a non-Bore1 set which was obtained from intervals 
by means of the A-operation [Souslin 19171. He proved that an A- 
set is a Bore1 set if and only if its complement (referred to as a 
CA-set) could also be obtained by the A-operation on intervals. 
The natural question of the power of CA-sets proved subsequently 
to be unsolvable within the framework of set theory. However, 
in the course of studying these sets, Luzin introduced the 
sieve operation, which in a special case provided a geometrical 
interpretation of the A-operation. (The sieve operation and some 
of its applications are discussed in Keldysh [1974, 180-1821. 
See also Luzin [1972]). 
Of those who played a significant role in the early develop- 
ment of the Moscow school, the Polish mathematician W. Sierpinskii 
was of special importance, and in turn he was greatly influenced 
by Luzin’s ideas. Nominally a German citizen, he was brought 
to Moscow as a prisoner of war in 1915. Egorov and Luzin 
persuaded the authorities to permit Sierpinskii to live freely 
until he could return to Warsaw in 1916 [Lavrentev 1974, 174- 
1751. Luzin and Sierpinskii wrote seven papers together which 
were published between 1917 and 1929 [Sobranie Sochinenii, vol. 
II]. During this period Sierpinskii established his own school 
which bears the mark of this collaboration and the continued 
exchange of ideas. Subsequently, many applications of set 
theory to analysis have appeared in the Warsaw journal 
Fundamenta Mathematics, which began publication in 1919 
[Fraenkel 1966, 238. See Bari [1964] for further discussion of 
results obtained by Polish mathematicians (such as Steinhaus 
and Rajchman) which are clearly related to the problems discussed 
in ITS]. 
The civil war which followed the October Revolution was 
accompanied by great hardships and suffering throughout Russia, 
and disrupted life at Moscow University. Severe shortages of 
fuel and food in Moscow and the promise of better conditions 
elsewhere caused many students and professors to leave the city. 
During this period, M. Ya. Suslin died of typhus in MOSCOW. 
Luzin with some of his students worked in the newly opened (1918) 
Polytechnic Institute at Ivanovo-Vozhnosensk, a textile center 
about 150 miles from Moscow. Others went to Gorki and Saratov. 
Luzin’s biographers recall that during this period he would 
return to Moscow every now and then; word of his arrival would 
quickly spread, and “as before, life in ‘Luzitaniya’ would 
seethe” [Bari and Golubev 1959, 477-478; Lavrentev 1974, 1751. 
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(The circle of devoted students and younger colleagues who sur- 
rounded Luzin and who attended the seminar were jokingly referred 
to as “Luzitaniya” , the individual members being called “Luzitaniyans”.) 
Perhaps it is not surprising that the memoirs of Luzin’s 
students and colleagues, written so many years after the events 
took place, are often reverential in tone; they convey the serious- 
ness of the young “disciples” and their respect and admiration for 
their teacher, but fail to convey any real sense of youthful high 
spirits or humor. Two welcome exceptions are Lavrentev’s brief 
memoir [1974] and Yushkevich’s recollections [1976] of his uni- 
versity days. Lavrentev describes the great professor as a man of 
broad culture (Bari and Golubev cite examples of this too); he was 
vivacious, unpredictable, fond of jokes and hoaxes. He was the 
“idol” of his students, and the not so secret object of great af- 
fection of some of his women students [Yushkevich 1976, 101; 
Lavrentev 1974, 176-1781. 
Despite the early appearance within the seminar of individual 
conflicts and differences (the precise nature of these is not re- 
vealed in the publications by Luzin or his students), there was 
clearly a strong sense of belonging to an inner circle or a secret 
order. In the hierarchy of their secret order, the Luzitaniyans 
acknowledged two heads: "God-the-father" Egorov and "god- 
the-son" Luzin. Luzin would tell the novices Luzitaniyans: 
"Egorov is the chief of our society; the definitive 
appreciation of our work, of our discoveries belongs to 
Egorov." Novices quickly found their bearings: Egorov 
was the form, Luzin the content. But all the principals 
and novices observed the form and went to Egorov's house 
three times a year, at Easter, Christmas and his name day. 
As a rule the elders talked and the others waited silently 
for the end of the visit. The atmosphere was much easier 
at Luzin's, and he himself enjoyed student ragging. Luzin's 
chief assistants in managing Luzitaniya were the three 
Pauls . ..dleksandrov was the creator, Uryson the keeper, 
and Stepanov the herald of the mysteries of Luzitaniya 
[ Lavrentev 1974, 1761 
According to Yushkevich, the students did not fear Luzin as they 
did Egorov. Luzin was not only willing to answer questions 
related to his lectures or seminars, but encouraged his students 
to ask him about anything at all [Yushkevich 1976, 1021. 
Luzin, who did not believe that mathematicians could work 
according to rigid time schedules, was often late to class: he 
would continue to lecture past the hour if he was in the midst 
of doing something interesting. Luzin’s advice to students 
concerning examinations must have caused dismay in some circles: 
those students who showed originality in solving problems 
“should not take the time to prepare for examinations in distant 
subjects” (which included other branches of mathematics as well 
as physics). Since exams in other subjects were required, he 
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counselled his students to know thoroughly the table of contents 
of the texts on which they would be examined, and perhaps 
twenty or thirty percent of the book itself. When asked about 
something they did not know, they were to discuss something they 
did know. Rarely, he observed, do professors stop students 
who are making correct statements [Lavrentev 1974, 174-1761. 
Yushkevich relates the experience of his university friend 
B. M. Yunovich, who after urging the reluctant Luzin to examine 
him, was asked what books he had read on the subject. Yunovich 
replied that he had read texts by Netto and Kagan. Since the 
latter contained such an impressive amount of material (it was 
521 pages long), Luzin didn’t think it was necessary to ask any 
further questions. After several more entreaties on the part 
of his student to administer the exam, Luzin announced that he 
had to have his dinner before asking any more questions. After 
dining, he told his student there was no point continuing with 
the examination since he was already quite convinced that his 
student knew the work. This was not an isolated case. Not only 
did Luzin dislike giving exams, but he was completely unable to 
tell a student that he thought he had not understood the 
subject [Yushkevich 1976, 102-1031. 
Luzin’s passionate support for individual achievement and 
his impatience with rigid forms and standards surely provided 
the opportunity for his best students to develop in the manner 
they chose. However, Gnedenko, whose praises of Luzin are as 
fulsome as the others has written as follows: 
The expression of enthusiasm for the theory of sets 
and functions had its dark side: among the students 
there appeared a scornful attitude toward classical 
analysis, and many of its subjects were given playful 
[derisive] names. For example, "Partial Differential 
Equations" [Uravneniya s Chastnymi Proizvodymi] 
became "Wretched Differential Equations" [Uravneniya 
s Nechastnymi Proi zvodymi] , "Finite Differences" 
[Konechnye Raznosti] became "Assorted Extremities" 
[Raznye Konechnosti], and the "Theory of Probability" 
[Teoriya Veroyatnostei] became the "Theory of 
Unpleasantness" [Teoriya Nepriyatnostei] . 
[Gnedenko 1946, 1801 
This form of arrogance is hardly uncommon, and to say that 
it represents the “dark side” of their enthusiasm may seem 
somewhat melodramatic. But Gnedenko had in mind the mutual 
indifference and even hostility which separated the MOSCOW and 
Leningrad (Petersburg) mathematicians until the 1920’s. Earlier, 
we mentioned that ITS was not highly praised in Petersburg 
mathematical circles. In fact many Petersburg mathematicians 
(before the 1920’s) did not think much of the new ideas of the 
theory of functions and sets. For their part, some of the younger 
HM.5 Nicolai Nicolaevich Luzin 295 
Moscow mathematicians were obviously contemptuous of the 
conservative interests of the mathematicians in Petersburg. 
Luzin did not encourage this arrogance, and the introduction to 
ITS demonstrates that he did not share with some of the younger 
Luzitaniyans their scorn for the classical subjects. In fact 
Luzin repeatedly emphasized that the methods of the theory of 
functions did not replace those of an outmoded classical analysis, 
but rather represented a natural extension. [See the last 
paragraph of section 51. 
7. EXPANSION OF THE MOSCOW SCHOOL 
The period which followed the civil war and Luzin’s subse- 
quent return to Moscow--roughly from 1922 to 1926--has been 
called the “prime of Luzitaniya”. Luzin and some of his 
followers continued to press forward in their set-theoretical 
investigations. But it was also a period of considerable 
expansion into other areas: classical subjects, such as the 
theory of probability, the theory of numbers and differential 
equations were attacked by the methods of the theory of functions; 
young subjects, such as topology, were further developed and 
set off in new and more abstract directions; the fusion of ideas 
and methods in the hitherto unrelated subjects of algebra and 
analysis resulted in intensive investigations in functional 
analysis. To give some idea of how diversified the mathematical 
investigations at Moscow University had become in this period, 
we shall very briefly list these new or expanded areas of 
research, noting the main figures and their relation to Luzin 
or his original seminar. 
Among the Luzitaniyans during this period were some of his 
colleagues and older students: I. I. Privalov, V. V. Stepanov, 
P. S. Aleksandrov, D. E. Menshov and A. Ya. Khinchin. In the 
second (post-revolutionary) generation of students were P. S. 
Uryson, V. N. Veniaminov, A. N. Kolmogorov, V. V. Nemytskii, 
N. K. Bari, S. S. Kovner, V. I. Glivenko, L. A. Lysternik, 
M. A. Lavrentev and I. G. Shnirelman. P. S. Novikov, L. V. 
Keldysh and E. A. Selivanovskii, who arrived in 1923, made up 
the third and final generation of Luzitaniyans. [This list was 
compiled mainly from Lavrentev [1974], and supplemented by Bari 
and Golubev [1959] , It agrees substantially with the lists 
given by other authors]. 
After returning from Paris in 1914, Luzin became increasingly 
interested in set theoretical problems, and the activities of 
the seminar reflected these interests. The A-sets (obtained by 
the A-operation on intervals and later called analytic sets) and 
the more general projective sets which Luzin subsequently 
introduced became objects of investigations by Luzin and others, 
including Kolmogorov, Novikov, Keldysh, Lavrentev , Lyapunov and 
Kantorovich (who taught at the University of Leningrad in the 
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1930'S). The results of these investigations were incorporated 
into Luzin's Leyons sur les ensembles analytiques et leur 
applications. In the opening section of this monograph, Luzin 
described the goal of these investigations: 
. ..si nous prenons la de'finition uniforme de nombre 
irrationnel de la thdorie de Dzdekind, le nombre 
irrationnel &ant regard8 comme coupure pratiquee dans 
le domaine des points rationnels independamment de son 
origine, nous obtenons la possibilite (peut-etre 
tout illusoire) de conside'rer le continu comme un 
ensemble form4 des points rationnels et irrationnels. 
Tel 6tait le point de vue sur le continu adopt6 
a priori par G. Cantor. 
Le but de la Th6orie des ensembles est de resoudre 
la question de la plus importance: si l'on peut ou 
non considerer l'btendue lindaire d'une maniere 
atomistique comme un ensemble de points, question 
d'ailleurs peu nouvelle et remontant aux &gates. 
[Luzin 1972, 21 
In the first paragraph, Luzin had in mind mathematicians 
such as Kronecker and Bore1 who did not regard the continuum as 
a set. [In an unpublished letter to Mittag-Leffler, dated July 
25, 1925, now in the possession of the Archives of the Institut 
Mittag-Leffler, Djursholm, Sweden, Luzin wrote that the research 
carried out by himself and his students confirms Borel's views 
on the nature of the continuum: "Le continu ne m'apparait 
jamais comme don& dans son integralitg, au point de vue 
arithmbtique" [quoted in the letter, from Bore1 190811. 
As Luzin's seminar became increasingly involved with set 
theoretical problems, some of its members formed another seminar 
which was devoted to metric theoretical problems. It was headed 
by Menshov and Bari (who jointly edited the 1951 edition of 
ITS). Bari's later works were mainly in the theory of trigono- 
metric series [Bari 19641 and the characterization of functions 
obtained by the superposition of functions of various types 
(eg., absolutely continuous functions). Menshov published 
several papers and a monograph on monogenic functions, and 
extended the applicability of the Cauchy-Riemann equations 
(theorem of Looman and Menshov). However, trigonometric series 
occupied the major part of his work. These investigations 
had begun with Menshov's paper of 1916. [See section 6 and 
References] and his master's dissertation, "Riemann's Theory of 
Trigonometric Series", which was refereed by Egorov and Luzin. 
Menshov later extended the main theorem of ITS [3] on the 
representability of measurable functions by trigonometric series, 
and following Kolmogorov's discovery of the existence of 
divergent Fourier series, looked into the question of obtaining 
convergent series from a properly varied function. [Menshov's 
HM5 Nicolai Nicolaevich Luzin 297 
mathematical investigations are described in Aleksandrov, 
Belyayev, Kolmogorov and Ulyanov 1962, 19721. 
Throughout this period as well as later, Luzin continued 
to be interested in the theory of functions of a complex variable, 
Earlier, two master's dissertations had been defended at 
Moscow University--one by B. B. Golubev [section 31, "On 
Analytic Functions Having Perfect Sets of Singular Points" 
[1916], and the other, "The Integral of Cauchy" by I. I. 
Privalov [1918]. The results in the latter dissertation were 
"to a large extent obtained in collaboration with Luzin, whose 
interest was very strong here" [Aleksandrov 1955, 291. Some 
years were to pass however before the investigations of Moscow 
mathematicians in the theory of functions of a complex variable 
achieved international recognition. This occurred only after 
the publication of a series of works by Luzin and Privalov 
(on boundary properties of analytic functions), M. A. Lavrentev 
(quasiconformal mappings), D. E. Menshov (monogeneity problem), 
M. A. Lavrentev and M. N. Keldysh (conformal mappings), 0. A. 
Gelfond (analytic number theory), A. I. Marcushevich and others. 
The theory of probability has been a major area of mathema- 
tical research in the Soviet Union since the mid-1920's. This 
work originated in a seminar headed by two former students of 
Luzin. A. Ya. Khinchin, after completing a series of papers on 
the structure of measurable functions, turned to applications 
of Lebesgue's theory of measure, first to number theory and later 
to the theory of probability. He was soon joined by the 
younger A. N. Kolmogorov, whose axiomatic approach to 
probability theory is presented in his text, Foundations of 
Probabilty. These two directed the seminar which later included 
N. V. Smirnov and V. I. Glivenko. [See Russian Math. Surveys 
1960 (4) and 1973 (5) for English translations of papers 
describing the work of Khinchin and Kolmogorov]. 
I. M. Gelfand headed one of the most important seminars 
whose theme varied from year to year, but always having as its 
core questions of functional analysis. This subject was to 
become one of the strongest areas of Soviet research. [Pukansky 
in LaSalle and Lefschetz 1962, 49-561. 
Another area in which Soviet mathematicians were to excel 
was the theory of differential equations. The earliest develop- 
ments took place in a seminar on the equations of mathematical 
physics. This was directed by I. G. Petrovskii, S. L. Sobolov, 
and A. N. Tikhonov. The widely praised treatise by Nemytskii and 
Stepanov, Qualitative Theory of Differential Equations, is often 
cited as the starting point of these investigations [Gnedenko 
1946, 181-182; LaSalle and Lefschetz 1962, lo]. 
Differential geometry, which represented one of the oldest 
creative traditions at Moscow University, flourished during the 
1920's in the seminars of S. P. Finikov and D. K. Rashevskii. 
In the same period, the activities of 0. Yu. Schmidt, a former 
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student of the Kievan algebraist, D. A. Grave (algebraic numbers 
and Galois theory), mark the beginning of Moscow University as a 
major center of abstract algebra. Later the school was headed by 
the group theorist A. G. Kurosh, who had been a student of 
Aleksandrov. The contemporary direction of the school was 
furthered by Emmy Noether's visit to the university during the 
academic year 1928-1929 [Kaluzhnin and Kurosh 1968, 276-2771. 
In 1921, P. S. Uryson (then a second year Luzitaniyan) began 
his research in point set topology. He is perhaps best known 
for his solution (similar to one given by Menger) to the 
problem of dimension which had earlier been raised in connection 
with the existence of continuous l-l mappings between Euclidean 
spaces of different algebraic dimensions. He was soon joined 
by Aleksandrov, and the two wrote a series of papers in abstract 
topology. In 1924, his life and career were suddenly brought 
to a tragic end. While swimming off the coast of Britain, 
Uryson was dashed upon a rock by a wave and killed. In the 
following year, Aleksandrov organized a topology seminar which 
was attended by A. N. Tikhonov and L. A. Tumarkin; the latter 
continued some of Uryson's uncompleted work. Between 1926 and 
1930 Aleksandrov laid the basis for the combinatorial topology 
of point sets, which included the homology theory of dimension. 
His student L. S. Pontryagin, and in turn the latter's students, 
moved into the newer areas of algebraic topology. The topologist 
S. Lefschetz has called both Aleksandrov and Pontryagin "two 
outstanding leaders, among the world's top mathematicians", 
but he goes on to note that Aleksandrov's followers continued 
to pursue the same type of problem that their leader had worked 
on in the 1930's, completely ignoring the newer, more algebraic 
trends. Pontryagin's group, on the other hand, although very 
small considering the total number of Soviet mathematicians, 
is the strongest one in topology in the Soviet Union [Lefschetz 
in LaSalle and Lefschetz 1962, 288, 2931. A related seminar 
which concentrated on topological methods of variational 
calculus was headed by L. A. Lyusternik and P. L. Shnirelman 
[Aleksandrov 1955, 25, 331. 
8. EPILOG. THE BREAKUP OF LUZITANIYA 
As the brief outline in the preceding section suggests, there 
was a veritable explosion of mathematical activity at Moscow 
University in the 1920's; the individual Luzitaniyans struck 
out in different directions, greatly expanding the areas of their 
investigations. It is not surprising that as the former 
Luzitaniyans established their diverse seminars and acquired 
their own students, the closely knit group would begin to fall 
apart. Lavrentev suggests further that there were rivalries 
and arguments among the principals even in the early days. 
However, as a major reason for the breakup, he cites Luzin's 
increasing preoccupation with the preparation of his monograph 
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in descriptive set theory [tiyns], which gradually brought 
about his isolation from the younger students. In the late 
1920’s Luzin appeared to be mainly interested in pushing 
forward his investigations which lay at the very foundation of 
mathematics, touching upon questions of logic and philosophy. 
In the spring of 1927 he presented an expository paper, 
“The Contemporary State of the Theory of Functions of a Real 
Variable”, at the Mathematical Congress of Moscow [Sobranie 
Sochinenii, volume III]. In October of that year he took a 
major part in the Polish Mathematical Conference in Lvov, and 
in 1928 he read a paper, “On the Goals of Set Theory”, in 
Bologna [Sobranie Sochinenii , volume III]. Part of the MOSCOW 
address and most of the Bologna paper were devoted to discussions 
of Hilbert’s theories and the intuitionists. In the Moscow 
talk, he abandoned his earlier neutrality by attacking Brouwer’s 
theories as having a “destructive character” [Keldysh 1974, 1881. 
During these years, recognition and the attendant honors 
came from abroad as well as from home. Luzin was made an 
honorary member of the Kracow Academy of Sciences, the Mathema- 
tical Society of Calcutta and the Belgian Mathematical Society. 
He was elected vice president of the Bologna conference at 
which he read the paper on set theory. In 1927 he became a 
corresponding member of the Soviet Academy of Sciences, and in 
1929 was elected to full membership. In the same year he was 
put in charge of the division of the theory of functions at the 
Steklov Institute, which operated under the direction of the 
Academy of Sciences in Leningrad. 
Following the 1928 conference in Bologna, Luzin made what 
appears to be his last trip abroad. He went directly to Paris, 
where he remained until the completion of the Leqons in 1930. 
After his return to the Soviet Union he presumably went to 
Leningrad to take up his duties at the Steklov Institute. He 
did little teaching after 1930, although it has been written 
that he continued to be interested in the problems of teaching 
and “gave much time to the writing of texts” [6]. 
The bibliographies show that his interest in descriptive 
set theory continued, although his most important discoveries 
were behind him. Kuznetsov writes that ” in 1931, Luzin began to 
work on a number of theoretical and practical problems that 
were new to him. We mention the Riquier-Janet Theory in 
differential equations and its applications to questions in 
geometry and automatic control theory”. In the late 1930’s, 
he published several papers on the bending [deformation] of 
surfaces along a principal basis, a subject which had occupied 
his former teacher Mlodzeyevskii [Kuznetsov 1974, 202-2031. 
(A principal basis is a conjugate net which remains invariant 
under a continuous bending; ie., the conjugate net is mapped 
into a conjugate net on the deformed surface). 
But after 1930 Luzin never again assumed a role comparable 
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to the one he played in the decade or more that followed his 
return to Moscow in 1914. He rarely lectured (and then mainly 
to his colleagues), and it appears that he had no more students 
after his return from Paris in 1930. 
Although Luzin was a talented mathematician who made 
lasting contributions in several fields, his place in the 
history of mathematics rests mainly on the role he played in 
shaping the Moscow school of the theory of functions. There 
is no question that several of his students (Aleksandrov and 
Kolmogorov, for example) produced bodies of work having greater 
depth and more lasting significance than their teacher's. Had 
Luzin taught at a major center of mathematical research, it is 
unlikely that he would have made such an impact. Students 
at such centers came in daily contact with the leading mathema- 
ticians of that time; they were surrounded by and immersed in 
mathematics which was, quite literally, being created before 
their eyes. There was no need to recreate the experience as 
Luzin did in Moscow. However, before 1914 Moscow University 
was not regarded as a major center of mathematics. Few Russian 
students went abroad to study, and during the Civil War, the 
isolation was even greater. It was Luzin who made mathematicians 
of his young students, who recreated the process of mathematical 
discovery "before the eyes of his audience" [Yushkevich], 
who made the listener "participate in the process of obtaining 
[the result]" [Aleksandrov]. We close with a poem written by 
L. A. Lyusternik [Russian Math. Surveys 1970 (4), 3-41, which 
recalls the prime of Luzitaniya, and shows best why Luzin is 
called the founder of the Moscow School: 
Moscow University... 
Although I was then so young, 
Although in a sheepskin coat I dressed, 
Yet brr... What devilish cold! 
The deserted corridor a skating rink-- 
Only the arguments were heated. 
With unquestioning faith I joined 
The young and noisy group. 
Despising classical analysis, 
Here one was carried away by the modern. 
Let your baggage be not heavy-- 
Forward! Have confidence in yourself. 
The mrd himself--Professor Luzin-- 
Shows us the pathway to research! 
But the deity was already surrounded 
By a constellation of demi-gods; 
Ivan Ivanovich Privalov, 
Dmitr' Evgen'evich Menshov, 
And Aleksandrov, keenly excited, 
And beloved Pave1 Uryson, 
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And the philosophizing Khinchin-- 
And several other personages. 
Bays of the legendary Luzitaniya, 
Bays of enthusiasm and striving, 
All of us were infatuated with Luzin, 
Mutually jealous on his account, 
One had to show at least a spark 
of mathematical merit. 
I remember how each time 
What a strong emotion gripped one, 
Arriving at the hour of lectures 
At his apartment on the Arbat. 
Professor Y, standing amazed, 
Called us contemptuously "pigeons"; 
Mockery was heard not seldom. 
Luzin's merit all the same 
Consisted in the fact that by 
Calling such enthusiasm forth 
In times of so much difficulty 
He rallied a school of mathematics. 
But afterwards, as by a simple 
Process of natural growth, 
The subject matter completely broadened, 
Each chose his own path to tread, 
And the school of Luzin disintegrated 
Into numerous brilliant new schools. 
NOTES 
1. Among the first Academic mathematicians were Jacob 
Hermann, Christian Goldbach, Nicholas and Daniel Bernoulli, 
Friedrich Mayer, George Bilfinger, George Kraft, Joseph DeLisle 
and Leonhard Euler. A. Vucinich's two volume Science in Russian 
Culture along with his earlier paper [1960], are the best known 
English language sources for general information about science 
and mathematics in Russia. 
2. Biographical information for which no references are 
given comes from Bari and Golubev. Nina K. Bari, one of Luzin's 
students in the 1920's, was the first woman to receive (in 1936) 
the rank of Doctor and Candidate of Science [Kochina 1974, 1051. 
Golubev was a friend of Luzin's in their university days. Their 
paper contains many quotations from Luzin's autobiography [1930], 
which I have not been able to locate. 
3. The main result, which appears in chapter VI of ITS, 
asserts that every measurable function which is finite except on 
a set of measure zero is representable by a trigonometric series 
which is Poisson and Riemann summable to the given function. 
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This result was later extended by Luzin's colleague I. I. 
Privalov to Cesaro sums (C,a) where c( > 1. In 1940, Luzin's 
former student D. E. Menshov (section 7) strengthened the result 
by showing that such a function is represented (although not 
uniquely) by a trigonometric series which converges to the 
given function except on a set having measure zero. 
4. This idea first appeared in section 60 of ITS, where it 
was called the generalized derivative. Luzin gave Khinchin the 
credit for introducing it at one of the meetings of the seminar. 
Chapter 8 of Pesin [1970] has a discussion of Khinchin's integral 
which is fairly close to the original presentation. See also 
Saks 1964, 218-220. 
5. Properties of Lebesgue measurable functions are often 
first proved for intervals and then for Bore1 sets. The general 
case is obtained by using the fact that the Lebesgue measure 
is the completion of the Bore1 measure, so that if E is a 
finitely measurable set, then there are Bore1 sets Bl and B2 
where BlC E CB2 and mes(B2 - Bl) is as small as desired. 
6. Luzin wrote a widely used text in real analysis; his 
translation of Grainville's Differential and Integral Calculus 
is frequently cited as a significant achievement, having gone 
through seventeen printings. 
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